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Abstract
We propose the relativistic point particle models invariant under the bosonic
counterpart of SUSY. The particles move along the world lines in four dimensional
Minkowski space extended by N commuting Weyl spinors. The models provide after
first quantization the non–Grassmann counterpart of chiral superfields, satisfying
Klein–Gordon equation. Free higher spin fields obtained by expansions of such
chiral superfields satisfy the N = 2 Bargman–Wigner equations in massive case and
Fierz–Pauli equations in massless case.
1. Introduction. Higher spin fields (see e.g. [1]-[3]) were investigated recently mainly
due to their relations to string theory. For the description of higher spin fields the usual
space–time is often extended by additional coordinates, e.g. commuting tensorial coor-
dinates and/or commuting spinorial variables [1]-[6] having twistorial origin [7]. Higher
spin fields do appear as component fields in expansions of fields with respect to addi-
tional coordinate variables. It appears that the system of all higher spin fields possesses
symmetry which is an extension of standard Poincare or conformal symmetries. In four
dimensional space–time the system of massless higher spin fields has Sp(8) symmetry or
its supersymmetric extensions OSp(N |8) (N = 1, 2) (see e.g. [8]).
In this report which is based on our paper [9] we propose new particle models invariant
under bosonic counterpart of SUSY. The quantization of these particles produce infinite
number of higher spin fields with all spins (helicities in massless case). The particle model
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with a trace of ‘bosonic’ SUSY has been considered in [10] for description of the relativistic
particle with fixed spin (helicity). The realizations of ‘even’ superalgebra was used also
in [11] for the description of spectrum of the critical open N = 2 string in 2+2 dimensions.
The plan of our report is the following. In Sect. 2 we define the model describing the
particle trajectory in the Minkowski space extended by N Weyl commuting spinors. We
determine the complete set of constraints and classify them. In Sect. 3 and 4 using Gupta–
Bleuler method we perform the quantization of the models. The wave function describing
first–quantized theory satisfies the Klein–Gordon equation and the bosonic counterpart of
chirality condition. In expansion of wave function with respect to commuting spinors the
component fields describe (anti)self-dual field strenghts and in massless case satisfy the
Fierz-Pauli equations. It appears that in the case of bosonic counterpart of N = 2 SUSY
one can obtain also the linear Bargmann–Wigner equations for D = 4 higher spin fields.
In last section we shall summarize obtained results and present some unsolved questions
related with our framework.
2. Action with bosonic SUSY and the constraints. We describe the
classical mechanics of higher spin particles by the following action
S =
∫
dτ L , L = − 1
2e
(ω˙µω˙
µ + e2m2)− im(aijλ˙αi λαj − a¯ijλ¯α˙j ˙¯λα˙i ) . (1)
The action (1) describes propagation of the particle in Minkowski space extended by
commuting complex Weyl spinors coordinates λαi (τ), λ¯
α˙
i = (λ
α
i ). We shall consider N = 2
case (i = 1, 2) and N = 1 case (no internal subindices). The constant matrix aij is
symmetric, aij = aji; if aij = −aji the last terms in (1) are total derivatives because
aijλ˙
α
i λαj =
1
2
(aijλ
α
i λαj)
·. The variable e in Lagrangian (1) describes the einbein. Constant
m is the mass of the particle.
The ω–form can be written in general case as follows
ω˙µ = x˙µ − iκij(λ˙αi σµαβ˙λ¯
β˙
j − λαj σµαβ˙ ˙¯λ
β˙
i ) (2)
where constant matrix κij = κji can be choose in the form κij =
(
1 0
0 κ
)
with real κ
by linear redefinitions of spinors λαi in N = 2 internal space.
The action (1) is invariant under the following spinorial bosonic transformation
δxµ = iκij(λ
α
i σ
µ
αβ˙
ε¯β˙j − εαi σµαβ˙λ¯
β˙
j ) , δλ
α
i = ε
α
i , δλ¯
α˙
i = ε¯
α˙
i (3)
where εαi is a constant commuting Weyl spinors. Conserved Noether spinorial charges
corresponding to the transformations (3) are
Rαi ≡ παi − iκijpαβ˙λ¯β˙j − imaijλαj , R¯α˙i ≡ π¯α˙i + iκijλβj pβα˙ + ima¯ijλ¯α˙j (4)
where pµ, παi, π¯α˙i are the canonical momenta. Using the canonical Poisson brackets
{xµ, pν} = δµν , {λαi , πβj} = δαβ δij , {λ¯α˙i , π¯β˙j} = δα˙β˙ δij (5)
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we obtain the PB algebra
{Rαi, R¯β˙j} = −2iκijpαβ˙ , {Rαi, Rβj} = 2imaijǫαβ , {R¯α˙i, R¯β˙j} = −2ima¯ijǫα˙β˙ (6)
which is classical (Poisson bracket) realization of bosonic counterpart of N = 2 super-
symmetry algebra with central charges Zij = maij , Z¯ij = ma¯ij . Since the spinor variables
are commuting and the Poisson brackets in (6) are even, the quantum realization of the
algebra (6) is constructed in terms of the commutators
[Rαi, R¯β˙j] = 2κijpαβ˙ , [Rαi, Rβj] = −2maijǫαβ , [R¯α˙i, R¯β˙j] = 2ma¯ijǫα˙β˙ (7)
in contrast to the algebra of anticommutators in standard N = 2 supersymmetry.
The model (1) has the following nontrivial constraints (we omit the constraint which
implies pure gauge character of the einbein e)
T ≡ p2 −m2 ≈ 0 , (8)
Dα ≡ παi + iκijpαβ˙λ¯β˙j + imaijλαj ≈ 0 , D¯α˙ ≡ π¯α˙i − iκijλβj pβα˙ − ima¯ij λ¯α˙j ≈ 0 . (9)
Nonvanishing Poisson brackets of the constraints (8)–(9) are
{Dαi, D¯β˙j} = 2iκijpαβ˙ , {Dαi, Dβj} = −2imaijǫαβ , {D¯α˙i, D¯β˙j} = 2ima¯ijǫα˙β˙ . (10)
The constraint (8) T ≈ 0 is a first class constraint. For classifying of the spinor
constraints (9) we look for the determinant of the matrix
C =
( {Dαi, Dβj} {Dαi, D¯β˙j}
{D¯α˙i, Dβj} {D¯α˙i, D¯β˙j}
)
=
( −2imaijǫαβ 2iκijpαβ˙
−2iκijpβα˙ 2ima¯ijǫα˙β˙
)
. (11)
If matrix (aij) is diagonal it follows for N = 1, 2 that in massive case det C is always
nonzero, therefore all the constraints (9) are of second class.
In case of antidiagonal matrix (aij) the matrix (11) has vanishing determinant when
κ = −|a12|2 < 0. Only in such a case the first class constraints are present in the
model (1).1 Thus in massive case if we wish to have spinorial first class constraints we
should consider N ≥ 2 bosonic supersymmetry.
If N = 2 we shall consider a simple choice κ = −a12 = −1. In such a case the formu-
lation (1) has an attractive interpretation if we pass to the commuting four–component
Dirac spinor ψa =
(
λα1
λ¯α˙2
)
, ψ¯a = (ψ+γ0)
a = (λα2 , λ¯α˙1), where a = 1, 2, 3, 4 is Dirac index.
The Lagrangian (1) takes the simple form
L = − 1
2e
(ω˙µω˙
µ + e2m2)− im( ˙¯ψψ − ψ¯ψ˙) , (12)
ω˙µ = x˙µ + i( ˙¯ψγµψ − ψ¯γµψ˙) . (13)
1We note that in case of usual N = 2 massive superparticle [12] when spinor variables are Grassman-
nian and the matrix (aij) is skew–symmetric, the first class constraints are present if κ = |a12|2 > 0.
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In massless case (m = 0) the matrix (11) has vanishing determinant and even if N = 1
the half of the spinorial constraints are first class.
3. Gupta–Bleuler quantization of the model with N = 1 bosonic
SUSY. We shall perform the quantization using Gupta–Bleuler technique what implies
the split of the second class constraints into complex–conjugated pairs, with holomorphic
and antiholomorphic parts forming separately the subalgebras of first class constraints.
In massive N = 1 case the algebra (10) of the constraints (9) does not satisfy the
Gupta–Bleuler requirements. However, the redefined constraints
Dα = Dα + bmpαβ˙D¯β˙ , D¯α˙ = D¯α˙ + bmDβpβα˙ (14)
have the following algebra (we take a11 = 1 without the loss of generality and we obtain
b = 1±√2)
{Dα,Dβ} = 2imǫαβT , {D¯α˙, D¯β˙} = − 2imǫα˙β˙T , {Dα, D¯β˙} = −8bipαβ˙ − 2b
2i
m2
pαβ˙T (15)
i. e. are suitable for application of Gupta–Bleuler quantization method. The wave
function which satisfies the Klein–Gordon constraint (8) and spinorial wave equations
(D¯α˙Ψ = 0 (chiral case) or DαΨ = 0 (antichiral case)) provide the bosonic (non–
Grassmann) counterpart of D = 4 N = 1 chiral superfield. It is possible to introduce
new spinorial variables λ′α, λ¯′α˙, π′α, π¯
′
α˙ via canonical transformation (see details in [9]) in
which new constraints (14) have the form
Dα = π′α − 4bipαβ˙λ¯′β˙ ≈ 0 , D¯α˙ = π¯′α˙ + 4biλ′βpβα˙ ≈ 0 . (16)
Solving chirality condition we obtain that the expansion of the wave function with re-
spect to new spinorial variables contains infinite number space–time fields ψα1···αn(x) =
ψ(α1···αn)(x). They satisfy the Klein–Gordon equation ( ≡ ∂µ∂µ)
(+m2)ψα1···αn(x) = 0 (n = 1, 2, . . .) . (17)
In antichiral case do appear in the expansion of the wave function the infinite number of
fields ψ¯(α˙1···α˙n)(x) with dotted Weyl indices.
In massless N = 1 case the spinorial constraints
Dα = πα + ipαβ˙λ¯
β˙ ≈ 0 , D¯α˙ = π¯α˙ − iλβpβα˙ ≈ 0 (18)
are the mixture of first and second class constraints. The spinorial bosonic first class
constraints are obtained from (18) by the multiplication with pαβ˙:
F α˙ = pα˙βDβ ≈ 0 , F¯ α = D¯β˙pβ˙α ≈ 0 . (19)
Unfortunately these constraints are reducible since
pαβ˙F
β˙ ≈ 0 F¯ βpβα˙ ≈ 0 . (20)
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Irreducible separation of first and second class constraints is obtained by the projection
of spinorial constraints (18) on spinors λα and λ¯α˙p
α˙α. The constraints
G ≡ λαDα ≈ 0 , G¯ ≡ D¯α˙λ¯α˙ ≈ 0 (21)
are second class whereas the constraints
F ≡ λ¯α˙pα˙αDα ≈ 0 , F¯ ≡ D¯α˙pα˙αλα ≈ 0 (22)
are first class.
Because the spinors λα and λ¯α˙p
α˙α are independent the pair of constraints G ≈ 0 and
F ≈ 0 is equivalent to the constraints Dα ≈ 0. Similarly the constraints G¯ ≈ 0 and F¯ ≈ 0
are equivalent to the constraints D¯α˙ ≈ 0. Thus we have two sets of the wave equations:
‘bosonic chiral’ case
T Ψ = 0 , F Ψ = 0 , D¯α˙Ψ = 0 (23)
or ‘bosonic antichiral’ one
T Ψ = 0 , F¯ Ψ = 0 , DαΨ = 0 . (24)
In the representation
pµ = −i∂µ , πα = −i∂α , π¯α˙ = −i∂¯α˙ (25)
the equations in chiral case
Ψ = 0 , D¯α˙Ψ = (−i∂¯α˙ − λβ∂βα˙) Ψ = 0 , −iλ¯α˙∂α˙αDαΨ = −λ¯α˙∂α˙α∂αΨ = 0
give only the dependence of the wave function on left–chiral variables
zL ≡ (xµL = xµ + iλσµλ¯, λα) . (26)
We obtain the expansion
Ψ(xL, λ) =
∞∑
n=0
λα1 . . . λαnφα1...αn(xL) . (27)
The component fields are completely symmetric in spinor indices, φα1...αn = φ(α1...αn) and
satisfy Fierz–Pauli equations for component fields
∂β˙β φβα2...αn = 0 . (28)
Scalar component field satisfies only the d’Alembert equation φ = 0. The fields
φα1...αn(x) in the expansion of the wave function (27) are self–dual field strenghts of mass-
less particles with helicities n/2. In antichiral case we obtain analogously anti-self–dual
field strenghts of massless particles.
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4. Quantum states describing particles with N = 2 bosonic SUSY.
The constraints (8)–(9) at κ = −a12 = −1, written in Dirac notation, are the following
T ≡ p2−m2 ≈ 0 , Da ≡ πa+iψ¯b(pˆ−m)ba ≈ 0 , D¯a ≡ π¯a−i(pˆ−m)abψb ≈ 0 . (29)
Here πa and π¯a are the conjugate momenta for ψa and ψ¯
a; its Poisson brackets are
{ψa, πb} = δba {ψ¯a, π¯b} = δab (30)
where we use notation pˆ ≡ γµpµ.
From nonvanishing Poisson brackets of the constraints
{D¯a, Db} = −2i(pˆ−m)ab (31)
we obtain directly that half of the spinorial constraints (29) are first class constraints.
The projectors P± ≡ 12m(m± pˆ) define respectively the first class constraints
F a = Db(pˆ+m)b
a , F¯a = (pˆ+m)a
bD¯b (32)
and the second class
Ga = Db(pˆ−m)ba , G¯a = (pˆ−m)abD¯b . (33)
But due to the reducibility conditions
F b(pˆ−m)ba ≈ 0 (pˆ−m)abF¯b ≈ 0 (34)
if T = p2 − m2 ≈ 0 the eight constraints (F a, F¯a) has only four (real) independent
constraints. Analogously, the constraints (Ga, G¯a) contain also four (real) independent
constraints.
In a way depending on the choice of second class constraints imposed on the wave
function, we obtain (see details in [9]) that the wave function satisfies or the ‘bosonic
chiral’ equations
T Ψ = 0 , D¯aΨ = 0 , F
aΨ = 0 (35)
or the ‘bosonic antichiral’ ones
T Ψ = 0 , DaΨ = 0 , F¯aΨ = 0 . (36)
In ‘bosonic chiral’ case the wave equations
(2 +m2)Ψ = 0 , −i[ ∂
∂ψ¯a
− (i∂ˆ +m)abψb]Ψ = 0 , i ∂
∂ψb
(i∂ˆ −m)baΨ = 0 (37)
have the general solution
Ψ(x, ψ, ψ¯) = eψ¯(i∂ˆ+m)ψ
∞∑
n=0
ψa1 · · ·ψanφa1···an(x) (38)
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where the component fields φa1···an(x) are completely symmetric with respect to all Dirac
indices, φa1···an(x) = φ(a1···an)(x), and satisfy the Dirac equations
(i∂ˆ −m)a1 bφa1a2···an(x) = 0 . (39)
From (39) follows the Klein–Gordon equation (37). Finally we have obtained the
Bargmann–Wigner fields describing massive particles of spins n/2.
5. Conclusions. We have considered the models of the relativistic point particles
propagating on fourdimensional Minkowski space extended by commuting Weyl spinors.
The models are invariant under bosonic (non–Grassmann) counterpart of SUSY. The
main results are the following:
• Higher spin fields emerge as the result of first quantization of the proposed models.
• In massless case one obtained infinite set of field strenghts with all helicities satis-
fying linear Fierz–Pauli equations.
• If we quantize the massive particle with N = 1 bosonic counterpart of SUSY we ob-
tain the massive free fields with any spin which satisfy only Klein–Gordon equation.
We stress however that the first order equations of motions are missing.
• For massive particle with N = 2 bosonic counterpart of SUSY we get after quanti-
zation the wave function described by Bargmann–Wigner equations.
Let us note that some questions still should be answered. For instance, we do not un-
derstand the relation of our formalism with the unfolded formulation of higher spin fields
by Vasiliev (see e.g. [1]) and link with the formulation using tensorial coordinates (see
e.g. [5]). Also in our approach appears nonstandard relation between spin and statistics:
both integer and half–integer spin fields have the same bosonic statistic. Here one should
add that the analogous situation with statistics appears also in higher spin fields theory
formulated on twistor spaces [7], [13], [14].
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